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Many local governments allocate the budget to
subtaxing districts based on their share of total
market value of taxable property. In Westchester
County, New York, the authors are involved in
estimating total market value using stratified
random sampling methods for each of its districts,
The data from these surveys form the basis of
this empirical study.

The estimation procedure used by the authors,
briefly stated, is as follows: First, for the
ith property class sampled (e.g., residential,
commercial), the ratio of assessed to market
values, Ri,is estimated from a sample of parcels,
where the assessed value of a parcel in the sam-
ple is obtained from the district assessment roll
and the market value of the parcel is appraised
by a qualified appraiser. Next, the market value
of each property class is estimated using Ri and
the total assessed value of the property class Aj
taken from the assessment roll, i.e., Mj = Ai/Rj.
Then, the survey ratio (Rg) of the district is
estimated by dividing the sum of the total
assessed values for the sampled property classes
in the district (Ag = IAj) by the sum of the esti-
mated market values for the sampled property
classes in the district (Mg = IMj), i.e.,

Rg = As/ﬁs. Finally, the total taxing district
market value is estimated by dividing the dis-
trict total assessed value (for sampled and
unsampled classes) by Rg, or M = A/Rg. More
detailed sample design and estimation procedures
are given in the appendix.

Conscientious property appraisal is a costly
process; hence the sample size used for this pur-
pose is usually small, and the estimates are sub-
ject to relatively large sampling errors. Strat-
ification by class of property (residential, com-
mercial, industrial, vacant land) is effective in
reducing sampling error, since wide variations in
tax assessment ratios exist among these classes.
Because tax assessment ratios often vary with the
level of assessment, a second stratification by
assessment within a property class can also
serve to reduce sampling error. The question
which then arises is how to make this stratifica-
tion, and this is the subject of this paper.

There is considerable literature on stratifi-
cation methods [e.g., 1, 5, 10, 12], but most of
the results have been based on restricted assump-
tions on the distribution of stratification vari--
able and estimation variable. Furthermore, there
are no exact rules for defining optimum stratum
boundaries. In recent years, there has been some
work reported on the determination of approxi-
mately optimum stratification (6, 7, 8, 9, 11].
This paper has much in common with the work by
Hess, et al. [7] in that investigation of some
well known theoretical stratification rules using
"real world" data has been made, though the scope
of this paper is much narrower than that of Hess,

358

et al,

The purpose of this paper is to investigate
the effect of two stratum-boundary rules (equal
assessment value (EAV) and equal number of parcels
(ENP)) and 3 different number of strata (two,
three, and six) on the coefficient of variation,
the bias, and the relative mean square error of
the estimated ratio of assessed to market values
for selected property classes in several taxing
districts. The allocation of the sample is made
according to the Neyman optimum rule. For study
of the effect of the two stratum boundary rules,
sample size, number of strata, sample parcels,
base roll used for assessment of properties and
the estimator used (ratio-estimator) are fixed.
For study of the effect of different number of
strata, all the factors listed above are fixed,
except that "number of strata" is replaced by a
given boundary rule.

The results of our investigation of the two
main effects are summarized in Tables 1 and 2.
The major findings for each effect are now pre-
sented.

For comparison of equal assessed value (EAV)
and equal number of parcels (ENP) rules (Table 1):

(1) The bias of the estimator for both rules
are negligible for all taxing districts considered
except for Peekskill., Similar results were repor-
ted in our previous report [2]. The reason for
this is that the regression of assessed values on
market values in most cases considered is approxi-
mately a straight line through the origin.

(2) The EAV rule is more efficient than the
ENP rule in five out of seven districts considered
as measured by the ratio of relative mean square
error for ENP divided by relative mean square
error for EAV (R.MSEpay/R.MSEpyp). In fact, the
ratios range from 1.4542 to 4.5372 for these five
districts.

As the results in Table 1 indicate, there is
no clear cut conclusion one can draw as to which
rule is uniformly better. Further research with
larger samples and other districts is necessary
before such conclusion can be made.

For the second investigation on the effect of
the number of strata (Table 2), our results con-
form with the general pattern of decrease in vari-
ance as the number of strata increases, as repor-
ted in many previous works [e.g., 7], though there
is no definite pattern observed in the results as
far as the rate of decrease is concerned. The
range of R.MSELi/R.MSELi_l (Li{ is number of strata
for the ith property class) for Ly = 3 is ,7026 to
9599 and the range of R.MSEL;/R.MSEL;-3 for
Ly = 6 is .4948 to .7476. This rate of decrease
is larger than that for the cases reported by Hess,



et al.

TABLE 1

COEFFICIENT OF VARIATION, RELATIVE BIAS, AND RELATIVE ROOT MEAN SQUARE ERROR OF
ESTIMATED RATIO OF ASSESSED TO MARKET VALUES FOR "EQUAL ASSESSED VALUE"
AND "EQUAL NUMBER OF PARCEL" BOUNDARY RULES

S R.MSEENP
Taxing No. of Sample |——Ce¥e* Bias/S.D. Rv MBE RWSEy,,
District Strata Size EAV ENP EAV ENP EAV ENP
White Plains 3 14 .0382 ,0344 .0301 ,.0124 .0382 .0344 .8109
City of Rye 4 18 .0174 ,0251 .,0302 .0498 .0174 ,.0251 2.0809
Poundridge 3 19 .0204 .0246 -.0029 .0055 .0204 .0246 1.4542
Peekskill 3 8 .0602 ,1292 ,2078 .1674 .0615 ,1310 4,5372
North Castle 3 31 .0324 ,0404 ,0333 .0330 .0324 ,0404 1.5548
Lewisboro 5 17 ° }.0349 .0247 .0249 °~ ,0148 ,0349 .0247 5009
*Coefficient of Variation

TABLE 2
COEFFICIENT OF VARIATION, RELATIVE BIAS, AND RELATIVE ROOT
MEAN SQUARE ERROR OF ESTIMATED RATIO OF ASSESSED TO MARKET
VALUES FOR DIFFERENT NUMBER OF STRATA
Coefficient of
Variation Bias/S.D. R/ MSE R.MSE,; /R.MSEL,-1

Taxing Sample 5 R.MSE; R.MSEg
District Size 3 6 2 3 6 2 3 6 K.SE E.HSE,
White Plains 22 .0476 .0398 ,0345} -,0052 ,0744 ,0372 |.0476 .7026 .7476 | .0399 .0345
Poundridge 19 .0586 .0554 ,0410| .0111 ,0310 .0315 | .0586 .0544 ,0410]| .8938 ,.5477
New Rochelle 22 .0296 .0290 .0204| -,0002 ,0045 ,0127 |.0296 ,0290 .0204| .9599  .4948
Lewisboro 17 0435 .0377 .0290| -.0065 ,0075 0259 | .0435..,0377 .0290)] ..7511 ,5917
Remark: The data base and the boundary rules used for this table are different from those for Table 1.

Appendix

SAMPLE DESIGN, ESTIMATOR, MEAN SQUARE ERROR OF
ESTIMATOR, AND ESTIMATOR OF MEAN SQUARE ERROR

Sample design:

A population of N taxable properties in a
taxing district is stratified first by property
type (i.e., residential, commercial, vacant land,
and industrial) and second by a specified strati-
fication rule within a property class. Let Ny be
the number of taxable properties for the i-th
property class, Nhi be the number of taxable pro-
perties for the h-th stratum of the i-th property
class, and Li be the number of strata for the ith
property class. Hence

4 K L,
z Ni = I I
i=1 ~i=]1 h=1

of sampled property classes. We define xp44 and
Yhij respectively by the assessed and markeé
values of the j-th property in the h-th stratum
for the i-th property class. Furthermore, we
define n, ni, and npi similarly to N, Nj, and Nni

N= Nhi , where K is the number
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K K Li
for the sample., Hence, n= I n, = I I nge
: i=1 i=1 h=1

Determination of nj; is made in general considering
the cost of appraising the properties and the pre-
cision of sample outcome.

The sampling procedure applied within strata
is simple random sampling without replacement.

Estimation of the total market value:
We let Ry be the survey ratio of assessed

to market values for a district and Rj be the
ratio of assessed to market values for the i-th

property class. We define
L
= S - Ohi
xp= IO NpyXy oo vherex, = IUx, /oy,
h=1 j=1
L
i, = - %hi
y,= "N,y ., ,wherey .= I vy ../
17 gy B i "5 Thig'™n
Ya
R, = xi/y1



Now, let Aj be the assessed value in the assess-
ment roll for the i-th property class and Mi be
the market value for the i-th property, class.

define the estimator ,of My as Mj = Aj/Ry. Fur-
thermore let Ag and Mg respectively be defined as

K

A = I A
s 1=1 i

-~ K ~
M =3I M
] =1 i

We

Then the survey ratio Rg 1s estimated by dividing
Ag by Mg, i.e.

Rs = As/Ms

Finally the estimator of the total market value of
a taxing district is given by

M= A/ﬁ where A is the total assessed value

for a taxing district obtained from
the assessment roll.

Variance, bias, and mean square error:
~ The,variance, bias, and mean square error of
Ry and Rg shown below are based on the assumption
that the terms beyond the product moments about
the means of second power are negligible. This
assumption in most cases is justified for the dis-
tricts we studied [2].
Variance of Ry:

- 2 2 ¢TEhiVoons | @

Var(Ry) & R; I Nhi(——){-—z—— + 02hi
h "h 2

2 Y101 uOli

2M11py
Y101%111

where: ulOi

= E(xi) » Hopq ™ E(yi)
2
= Elxygy = By PHypgy = EGypyy)?

Y201
Y114
Y021

In general,

k 1}
Mot = Elopgy = EOQ O {4y = EGyyy)}

and
fnt = Phi/ My
Bias of Ri:

- 1-f (n
BR.) R ENﬁ( h1)/*o2n1
1 1, hi\m, 2

Yo11

_Mang
Y101%111

)
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Mean Square Error of ﬁi:

MSE(R,) * Var(R,) + {B(R)}

Relative Root Mean Square Error of Ri:

R/MSER) = [MSER)/R;

Variance of ﬁs:

A2 . Var(ﬁi-l)

a o 2
var(R)) = (Rs/Ms) 1

2 202y o2
= R/M)™ T (A;/RDVI(R))}

MR MR

where: Vz(ii) = Var(Ri)/Ri, the rel-variance of R,

Bias of Rs:

Ry s AT (B2RY) - VER )/
B(Rs) (Rs s) i i"71 ) i s

K
2
- I MV (x,) - p V(x,) * V(y )}]
i i i xiyi i i

where: V2(xi) = Var(xi)/{E(xi)}2

- 2
vix) = vix)
Vz(yi) and V(yi) respectively are simi-

larly defined.

pxiyi is the coefficient of correlation

between Xy and Yy
Mean Square Error of RS:
Y -~ - 2

MSE(R ) = Var(R)) + {B(r)}
Estimation of variance, bias, and mean square
error from a sample:

The estimators used for estimating the vari-
ous parameters in the variance, bias, and mean

square error formulas are summarized in the fol-
lowing table: )



Parameter to Estimator
be estimated

u

10 i h hi"ni
Ho1 vy = ﬁ Nivht
" &2 =% (x,,-% )2/ -1)
20h xhi = *hi3 " h1’ /Phe
" s2 . =L (g, v @ -1
02h yhi © YhijVhi’ /Phi
*11n Sxyhi = § (xhij-;hi)(yhij-yhi)
| (ny4~1)
R - - 2
¥12hn Y12ni © § (xhij-xhi)(yhij-yhi)
(my4~1)
In general:
- - .k - 2
Meohi “ktnt = Z(xhti-xhi; iy Vns)
Myt

Neyman Allocation of 0,
By ® (Nhishiz/zuhishiz) T ny
where: S = + Rzu - 2R, u
: hiz 201 it021 17114
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